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ABSTRACT 
A method of analytically modeling the Interface between two dissim- 
ilar materials Is proposed. The Influence of these models on the pre- 
diction of the location of possible failure sites Is Investigated. 
The results of the analysis show that the way 1n which the modulus of 
elasticity varies within the Interface 1s as Important In modeling as 
1s the average Interface modulus. A gradual modulus variation 1n the 
Interface behaves similar to a stlffer Interface than does a steeper 
modulus variation for a constant average modulus. An Interface with a 
higher average modulus than the average of the bulk materials causes a 
shift of possible failure locations from those points predicted with a 
single line Interface. The results also show that the thickness of 
the..interface has a large effect on the bulk behavior of the Interface. 
A thicker Interface (with a constant modulus being the average of that 
of the bulk materials) causes a more gradual change 1n modulus through- 
out the composite material which behaves similar to an Interface with 
a higher average modulus. 
The numerical analysis 1n this work 1s carried out using a finite 
element procedure, which employs fourth order Isoparametric elements* 
to calculate the displacement, stress, and energy fields In the mate- 
rial In question. The location of possible failure sites Is predicted 
by the Strain Energy Density Criterion which assumes failure to occur 
in a region where the dilatation portion of the strain energy Is domi- 
nant. 
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I. INTRODUCTION 
A method of analytically modeling the Interface between two dissim- 
ilar materials 1s proposed to account for non-uniformities that could 
arise due to the method of joining. In most composite material prob- 
lems, the Interface between two materials 1s often Idealized to be a 
line discontinuity with a sudden change 1n material properties. The 
stress and displacement fields are assumed to be continuous across this 
Hne as 1f the bonding were perfect. These assumptions predict reason- 
ably accurate stress fields far from the Interface region, but do not 
always lead to an accurate prediction of the location of failure. 
In the proposed model, the Interface attains a finite thickness and 
1s modeled by a finite number of material layers whose elastic proper- 
ties satisfy a Hne discontinuity. The displacement field 1s assumed 
to be continuous across each layer boundary and the stress field Is 
continuous only in an average sense according to the finite element ap- 
proximations. By varying the Interface thickness and layer moduli. It 
is possible to create models which can alter the failure location with- 
in the bonded material. Through a knowledge of the behavior of a given 
configuration (materials, loading and geometry), the present model al- 
lows a more realistic evaluation of the Influence of the Interface on 
the composite material behavior. Several examples and their results 
are discussed 1n this work. Due to the vast number of Interface bond- 
ing types and material combinations, 1t 1s possible to present models 
which will cover all possibilities. Nevertheless, some salient fea- 
tures of these models are exhibited. 
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The stress analysis Is based on the two-dimensional finite element 
procedure. Twelve node Isoparametric elements are employed to obtain 
high resolution. The location of possible failure sites Is predicted 
by the Strain Energy Density Failure Criterion *rh1ch predicts failure 
In a region where the dilatation portion of the strain energy 1s domi- 
nant. 
The accuracy of the finite element method for use In composite ma- 
terial problems 1s Investigated In the Appendix of this work. By an 
appropriate choice of grid, extremely accurate results can be obtained 
using the finite element method. The type of grid features which 
yield the most accurate results for composite material problems are 
determined In the Appendix and employed throughout this work. 
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II. BACKGROUND CONCEPTS 
A. The Finite Element Method 
The finite element method 1s a procedure for obtaining approximate 
solutions to partial differential equations. It Is formulated on the 
basis of varlatlonal principles. Elasticity lends Itself extremely 
well to the finite element method as the Potential Energy Theorem [1] 
provides a strong varlatlonal principle upon which the analysis Is de- 
veloped. 
The mechanics of the finite element method Involve dividing the 
domain of Interest Into a number of smaller regions called elements. 
The variables of Interest are represented 1n functional form by shape 
functions within the domain of each element and 1n terms of the value 
of the variable at specified points on the element boundary (called 
nodes). These functional relations are then used 1n the analysis as 
approximate solutions to the problems 1n question. 
In the case of elasticity, the variables In question are the com- 
ponents of the displacement field, u^. If the shape functions are 
chosen to Identically satisfy displacement boundary conditions, and 
to Insure a continuous displacement field across element boundaries, 
those components of the displacement field which minimize the poten- 
tial energy will be the solution to the problem, providing their de- 
rivatives satisfy traction boundary conditions In an approximate 
sense. The potential energy of an elastic system under the Influence 
of surface tractions, T", without body forces or temperature gradients 
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can be written as '"' 
N 
PE -    I   J    (SEDLdV - / T?u,ds (1) 
1-1 ^    1   S 1 1 
where (SED)^ 1s the strain energy per unit volume In the 1  element, 
T^Ujds 1s the work done by surface tractions and N Is the total number 
of elements 1n the volume, V, bounded by the surface, S. Utilizing 
Hooke's Law and the strain-displacement relations, the strain energy 
for an element can be expressed In terms of the nodal displacements as 
, m' m' 
SE=£ I     I   k1jUlUj (2) 6
  1*1 J-l 1J 1 J 
where k^ are the components of the element stiffness matrix deter- 
mined by the shape functions and material constants, m' Is the number 
of degrees of freedom of each element. Substituting (2) Into (1), the 
potential energy of the system can be written as 
i m  m m 
d
  1-1 j-l 1J 1 J  1-1 1 1 
where K^• are the components of the master stiffness matrix, K,j 
'   I   (k,.)., for the system and R< 1s the resulting vector,from the 
£-1  1J x 1 
Integration of the surface traction terms. 1 and j refer to the glob- 
al node numbers and m 1s the total number of degrees of freedom for 
the entire system. The minimization of (3) with respect of u^ results 
1n 
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I?' I *u»i - h ■ * '«> 
where 
,!, R«yi ■ R* (5) 
The resulting system of linear algebraic equations. (5), are solved 
for the nodal displacements, u... 
If the analysis Is restricted to two dimensions, the displacements 
at an arbitrary point, (x,y), can be written as 
m' 
u • ( I Mx,y)u .) (6a) x  1al i    xi % 
and 
m' 
uv ■ ( I Nt(x,y)u .) (6b) 
y  t=i 1   yi A - 
where & 1s the element containing the point (x,y). Utilizing the 
strain displacement relations and the generalized Hooke's Law, the 
strains can be written as 
m' 3Mx,y) 
e
x
=
 ^   3x  "xl^ (7a) 
m
1
 SN^x.y) 
1«1 
eya(^^y—uyi}o (7b) 
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and 
m' BN^x.y) 
U. (■ U„4 + 
a^Cx.y) 
03 xy -fa  *  3y  ux1 '   3x  uy1 (7c) 
The stress components can be obtained from 
V V 
ay - CD] ey 
Yxy Yxy 
(8) 
where [D] Is a matrix of material properties depending on the specified 
stress condition (I.e., plane stress or plane strain). 
For the analysis In this work, a 12 node Isoparametric element was 
used. The element has 4 nodes on each side (Including comer nodes) 
allowing for a cubic variation of the displacement field [2]. The ge- 
ometry of each element side 1s allowed to vary according to the same 
shape functions as the displacement field. Since the geometry and 
displacement field vary according to the same functional relations, 
the Isoparametric region 1s easily mapped Into a rectangular region 
with a linear displacement field. A typical element In coordinate and 
mapped spaces Is shown in Figure 1. ' Stresses and strains are easily 
calculated In the transformed space and mapped back to the original 
coordinate space since the mapping Is 1somorph1c. 
The present analysis makes use of a two-dimensional and axlsywet- 
ric computer program developed for the Naval Ship Research and Devel- 
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opment Center by Hilton. Glfford and Lomacky [3]. The program employs 
the 12 node Isoparametric element discussed above. The Integration re- 
quired In the analysis 1s done using a Gauss-Legendre quadrature tech- 
nique In the mapped space. Both three and four point approximations 
are available as a user option. The linear algebraic equations ob- 
tained 1n the analysis are solved using a Frontal Solution technique 
[4]. Stresses and strains are calculated at the quadrature points and 
extrapolated to give nodal values. 
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B. Strain Energy Density Theory - Concept and Criterion 
One of the foremost problems In the field of solid mechanics 1s the 
prediction of fracture Initiation and the onset of crack propagation 
leading to Instability. The classical concepts of yield strength and 
maximum stress criteria do not adequately predict the onset of frac- 
ture, nor do they locate the point of fracture Initiation. If the 
safety of a structure Is to be Insured, the critical loading and places 
of fracture Initiation must be considered. 
A theory of Instability of elastic (or Inelastic) systems which ex- 
amines the local strain energy density (SED) field In the domain of In- 
terest has been proposed by Slh [5,6]. He has used this theory to pre- 
dict the onset and direction of crack propagation. The theory Itself 
1s not limited to regions containing an existing crack and will there- 
fore be employed to predict instability and to locate possible fracture 
sites in an uncracked elastic medium. 
The fundamental hypotheses used to predict Instability by the SED 
theory are: 
Hypothesis 1: Failure will occur In a medium at a point where the 
strain energy density field has a stationary (mini- 
mum) value. 
Hypothesis 2: The onset of failure Is governed by a-material pa- 
rameter (SED)cr. 
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The minima of SED occur when the dilatation portion of the strain ener- 
gy Is dominant such as the case of hydrostatic tension. This theory 
predicts the location of failure and the loading conditions under which 
this failure will take place. The critical value of the strain energy 
density for a given material can be determined experimentally. A dis- 
cussion of this criterion for engineering design purposes 1s given by 
Sin.and Macdonald In [7]. 
In this work, the loading conditions are assumed to be below the 
critical level. The SED theory will be used to locate points of Insta- 
bility In the structures and to identify those places where fracture 
would Initiate 1f the loads reached the critical level. 
Two Important aspects of this theory should be pointed out. The 
SED theory requires no knowledge of the mlcrostructure of the material 
nor the location of flaws or fissures below the'macroscopic level. 
This aspect allows application of the continuum solutions for stress 
ar\d energy fields without the Inconsistency of scale change. Second, 
the theory assumes that, until the critical value of SED 1s reached, 
the material properties do not change and (providing one stays below 
the proportional limit) no load dependent corrections need to be made 
to the linear elasticity solutions. These aspects make application of 
the theory to structures with complicated loading and geometry rela- 
tively straightforward. The elasticity solution can be obtained for 
very complicated structures by the finite element method. The stress- 
strain fields obtained 1n these calculations can then be used to cal- 
culate the SED field In the structure. An examination of this field 
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using the above criterion will predict the points of Instability. 
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C. Analytical Interface Modeling 
Two loading cases on a cant1levered rectangular region were Inves- 
tigated In this work. In the first loading case, the specimen was 
loaded In bending through the layer thicknesses and in tension along 
the Interface boundaries. The effect of varying the Interface moduli 
were Investigated with this loading case. In the second loading case. 
the specimen was loaded 1n tension and In shear normal to the layer 
boundaries. The effect of varying the Interface thickness was Investi- 
gated using this loading case by utilizing a single Interface layer of 
constant modulus. 
The finite element Idealization for the first loading case 1s shown 
1n Figures 2 and 3. The material used for the bottom of the region was 
bone and the material used for the top of the region-was polymethyl- 
methacrylate bone cement. The moduli of elasticity for these materi- 
als are 
Ebone = 2-2753E + 03 Me9a Pascals 
and (9) 
Ecement " 6-8948E + 04 ^Q9 Pascals 
respectively [8]. The normal stress applied to the right end of the 
region was 1.0E + 03 Pascals and the shear stress applied to the right 
end was 1.0E + 03 Pascals. The total Interface (8) was held constant 
at .05 times the total thickness. H, which was 4 meters. Polsson's 
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ratio was assumed to be the same for the bone, the cement, and for the 
Interface layers. The value used tn the analysis was 0.3. The left 
end of the specimen was cantllevered (I.e., u(0,y) ■ v(0,y) ■ 0). The 
Interface was modeled as four layers of equal thickness (6/4). The 
moduli of these layers was varied In the analysis. These variations 
are shown plctorlally In Figure 4. 
The finite element Idealization for the second loading case 1s 
shown 1n Figure 5. Again, the materials used for the bottom and top 
of the region were bone and cement respectively. The Interface was 
modeled as a single layer with modulus of elasticity 
interface ' <W+iWnt>/2 " 3-561E + " *9« """^   <"> 
Polsson's ratio for the materials was assumed to be 0.3. The total 
specimen thickness was again 4 meters. The top of the specimen was 
loaded with uniform tension of 1.0E + 03 Pascals and shear stress of 
-1.0E + 03 Pascals. The bottom of the region was cantllevered (I.e., 
u(x,0) ■ v(x,0) - 0). The Interface thickness was varied In the analy- 
sis. 
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III. RESULTS FROM THE INTERFACE MODELS 
A. Loading Case I 
The effect of varied Interface moduli was Investigated using load- 
ing case I. Both the average Interface modulus and the variation about 
that average 1n the Interface was explored. The results of these 
models were compared to the results from an analysis of the specimen 
with an Idealized line interface. 
Figure 6 1s a plot of the SEO contours for loading case I with a 
single line Interface. The largest relative minimum, which Is the one 
which will reach critical value first, Is located on the neutral bend- 
ing axis 1n the cement layer (marked with an "X" In the figure). This 
prediction 1s consistent with the elementary maximum shear stress cri- 
terion for failure. A secondary minimum region occurs In the bone sec- 
tion of the specimen. The relative intensity of this contour 1s over 
100 times less than the minimum contour 1n the cement layer and would 
not reach critical intensity until long after the cement had failed. 
A linear modulus variation Is now Introduced to the Interface re- 
gion. The moduli of the Interface layers are given 1n Table I (Model 
I) and shown plctorlally 1n Figure 4. There are several minimum con- 
tours in the specimen. The largest minimum contour lies 1n the bone 
layer near the cant1levered end. The SED contours In the bone layer 
are shown In Figure 7. The predicted failure location Is marked with 
an UX". This contour 1s 4.8 times more Intense than any of the other 
relative minima; thus, 1t will reach critical value and cause failure 
-14- 
TABLE I - MODULI OF ELASTICITY FOR INTERFACE MODELS (PASCALS) 
Layer Model Model Model Model 
Moduli I II III IV 
LAYER I 1.561E + 10 1.0O0E + 09 2.500E + 10 1.000E + 09 
LAYER II 2.894E + 10 l.OOOE + 10 5.000E + 10 3.000E ♦ 10 
LAYER III 4.228E + 10 3.000E + 10 7.500E + 10 4.714E + 10 
LAYER IV 5.561E + 10 5.000E + 10 9.000E + 10 6.428E + 10 
AVERAGE     3.561E + 10   2.704E + 10   5.187E + 10   3.561E + 10 
MODULUS 
first. The Introduction of this Interface model has caused the pre- 
dicted location of failure to be shifted from the cement to the bone 
layer. 
A model with softer Interface was Investigated next. The Interface 
moduli used were those given for Model II 1n Table I. The average 
modulus 1s now 1.3 times less than for Model I. The only relative min- 
imum SED contour 1n the region occurs 1n the cement layer on the neu- 
tral bending axis near the cant11evened end. The location 1s almost 
exactly the same as predicted by the rigid bone Interface. The SED 
contours In the cement layer are shown In Figure 8. The predicted 
failure location 1s marked with an "X". 
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An Interface with a stlffer average modulus was explored 1n Model 
III. The average modulus Is now 1.45 times larger than In Model I. 
Many relative minima were predicted with this model, all of whose In- 
tensities were fairly close. The SEO contours for the entire specimen 
are shown In Figure 9. A finer analysis of the regions near these 
minima reveal that the largest minima occur 1n the bone layer. They 
are about 1.5 times larger than those In the cement. The contour 
marked with an "X" on the figure Is the largest relative minimum con- 
tour 1n the bone layer. It 1s approximately 1.05 times more Intense 
than the other minimum contours In the bone layer. The significance of 
this factor 1s subject to question due to the Inaccuracies of the fi- 
nite element results. Considering the results from Model I, the pre- 
diction of failure at the contour near the cantllevered end of the bone 
layer 1s a reasonable and consistent prediction. For absolute affirma- 
tion of this result, a much more detailed grid requiring far more com- 
puter memory would be needed. 
The effect of modulus distribution holding the average overall mod- 
ulus constant was Investigated in Model IV. The overall average modu- 
lus was the same as 1n Model I, but the variation 1n the Interface was 
changed. The first layer was assigned a modulus much lower than the 
bone. The next three layers were assigned a linear variation 1n moduli 
with a much greater slope than 1n Model I. The modulus of the top In- 
terface layer was almost as stiff as the cement. The Interface moduli 
for Model IV are shown In Table I. Figure 10 Is a plot of the SED con- 
tours In the entire specimen for Model IY. A finer analysis In the 
bone layer revealed no relative minima In that layer. Thus, the only 
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relative minimum contour Is In the cement layer Mrfced on the figure 
with an "X". Failure Is thus predicted at about the same location with 
Model IV as with a single line Interface. 
A comparison of the models studied 1n this section reveal that for 
the geometry and loading In loading case I. failure can occur In either 
the bone or cement layer depending on the stiffness of the Interface. 
If the average modulus Is larger than the average of the bone and ce- v 
ment moduli, failure 1s predicted In the bone layer, (I.e., Model III). 
Thus, the stlffer Interface causes a shift of the failure point from 
the cement layer to the bone. It 1s believed that this phenomenon 1s 
due to the fact that the stlffer modulus causes a stress state of pure 
dilatation to occur In the bone layer. Thus, the SED 1n this region 1s 
due mainly to-dilatation. The stress contours for the dominant stress 
component (o ) are shown 1n Figure 11. 
A comparison of the results from Models I and IV reveal that the 
way 1n which the Interface modulus varies can have a large effect on 
the prediction of failure. In Model IV, the modulus variation Is less 
gradual than In Model I. It thus, more closely, approaches the single 
line interface model. The failure prediction from Model IV Is hence 
similar to that for the model with a single line Interface. The grad- 
ual change In moduli 1n Model I caused a shift In failure location from 
the cement to the bone. Hence, a more gradual change of moduli within 
the Interface Implies that the effect of this variation on the specimen 
1s the same as with the larger average modulus. The more gradual vari- 
ation causes a larger effective interface stiffness with respect to Its 
effect on the entire specimen. _17_ 
B. Loading Case II 
> 
The effect of varied Interface thickness was Investigated using 
loading case II. The Interface was modeled as a single layer of Mate- 
rial with modulus given 1n (10). The thickness was started at .05 
times the total thickness and varied both higher and lower. The loca- 
tion of failure predicted from each of these models was compared. 
.Figure 12 Is a plot of the SED contours for loading case II with 
an Interface thickness 5% of the total specimen thickness. Two rela- 
tive minima are predicted with this Interface model (marked with an "X" 
1n the figure). Using a more detailed analysis, the minimum contour 
located 1n the bone layer (lower layer) Is found to be about 2.8 times 
more Intense than the minimum contour In the cement layer. Thus* fail- 
ure should take place 1n the bone layer first as the minimum contour on 
that layer will reach a critical value first. 
The next Interface thickness Investigated was 2.5% of the total 
specimen thickness. The SED contours for the specimen With this Inter- 
face thickness 1s shown 1n Figure 13. Two relative minima are pre- 
dicted at approximately the same location as with the model whose In- 
terface thickness was 5% of the total specimen thickness. A more de- 
tailed analysis revealed that the minimum contour located In the bone 
layer was only 1.5 tiroes as Intense as the minimum contour In the ce- 
ment layer. Failure 1s still predicted 1n the bone layer first, but 
now the stability of the cement layer 1s not much greater than that of 
the bone. 
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The Interface thickness was next Increased. The SEO contours for 
the specimen with Interface thickness 7.S% of the total specimen 
thickness Is shown 1n Figure 14. Again, two relative minima are ob- 
served at about the same location as In the two previous models 
(marked with an "X" 1n the figure). The major difference In the SED 
contours for this model compared with those from the other models 1s 
that the minimum 1n the bone layer Is 8.1 times more Intense than the 
minimum 1n the cement layer. Failure 1s predicted In the bone layer 
far before the stability of the cement layer will be 1n question. 
Thus* the thicker Interface preserves the stability of the stlffer ma- 
terial for this loading and geometry. 
The final model Investigated had an Interface thickness of .5% of 
the total specimen thickness. The SEO contours for this model are 
shown 1n Figure 15. Two relative minima are observed at the same lo- 
cations as before and marked in the figure with an "X". The Intensity 
of the minimum 1n the bone layer 1s now 1.5 times greater than the In- 
tensity of the minimum located In the cement layer. This model yields 
almost Identical results to those obtained with the model whose Inter- 
face thickness was 2.5X of the total specimen thickness. 
A comparison of the results for the four models discussed above 
reveals that for the loading and geometry of loading case II, the 
thicker Interface (with a modulus being the average of the moduli of 
the bulk materials) causes the SEO minimum In the bone layer to be 
much more Intense than the SEO minimum In the cement layer. Since the 
Intensity 1n the bone layer Is approximately the same for each of the 
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models, the thicker Interface has the effect of Increasing the stabil- 
ity of the cement layer. This 1s due to the fact that the thicker In- 
terface causes a more gradual change 1n modulus through the specimen 
and, while the average modulus 1s unchanged, the effective stiffness 
of the specimen 1s Increased with respect to the stability of the ce- 
ment layer. The stability of the bone layer Is fairly Insensitive to 
Interface thickness and all models predict the onset of Instability at 
about the same loading. 
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C. Discussion and Conclusion 
The modeling of composite Interfaces Is of primary Importance to 
analysts who deal with material bonds. The soldering, welding, ce- 
menting and epoxylng of materials has a large effect on the material 
properties at the joint and often has a large effect on the stress and 
energy fields In the entire structure. The proposed technique suggests 
that these Interface regions be modeled as a system of laminate compos- 
ite layers with variable modulus and thickness. 
Through a judicious choice of Interface model* the stress and ener- 
gy fields 1n a composite material can be more accurately predicted than 
with the normal single line assumption classically used for composite 
Interfaces. This choice can be made through a knowledge of the overall 
behavior of the structure 1n question (I.e., 1ocatton t>f points of 
failure, overall deformation and stress concentration near material 
boundaries). A comparison of models to find those features which most 
closely predict the overall characteristics of the problem 1n question 
should yield an accurate model with which to predict the details of the 
stress and energy fields 1n a structure. 
The models discussed in this work demonstrate that the effective 
stiffness of an Interface can be varied both by varying the average 
modulus, the layer thicknesses and the abruptness of modulus disconti- 
nuity within the Interface. The location of predicted points of Insta- 
bility is very sensitive to changes 1n these features. Thus, a careful 
modeling should yield an accurate prediction of the location of points 
of Instability 1n a structure. 
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The Appendix of this work examines the obtainable accuracy for the 
stress analysis of composite materials using the finite element method. 
With a careful choice of grid features, extremely accurate results can 
be obtained with the finite element method. Thus, analysis of compos- 
ite structures with complicated loading and geometries can be carried 
out with relatively little difficulty. After obtaining the stress and 
energy fields for a given problem, the SED Instability criterion can be 
employed to predict points of Instability and the onset of fracture. 
The type of modeling described 1n this work 1s limited to those In- 
terface regions which are approximated by 1 sotropic layers. This as- 
sumption may not be realistic for the interfaces between materials 
which are highly fibrous or extremely crystalline. Materials which 
possess these characteristics could be modeled either with an anlsotrop- 
1c Interface or matrix material Interfaces. S1h et al have Investiga- 
ted these situations for composite materials with cracks [9]. Their 
models account not only for the non-homogeneity of the Interface but al- 
so for the lack of Isotropy which may exist In certain materials. A 
universal model which can accurately characterize all materials 1s. 
thus, not possible. The choice of model must depend on the problem at 
hand. 
-22- 
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APPENDIX: THE TWO MATERIAL PROBLEM 
A. Analytic Solution 
Consider the plane strain problem for the two Material medium 
shown In Figure A-l. Assuming each layer to be a homogeneous and Iso- 
troplc strip, the governing differential equations for the 1  strip 
can be written as [1] 
n172u1 + (Af+yt) fy (^1 + «-i) - 0 (A-l-a) 
a  3U4  3V., 
V^i + (xt+iit) ^ (ar + ^r) - o (A-i-b) 
where u^ and v^ are the x and y components of the displacement field 1n 
the 1th material and y^ and \^  are the Lame* constants for the 1 
rial. 
Assuming symmetric loading, Uj will be an odd function In x and v, 
will be an even function In x. Restricting the analysis to finite 
loading so that the displacements as well as their derivatives damp out 
rapidly enough as |x|-*» for the functions to be absolutely Integrable 
[10], the displacements can be written 1n terms of Fourier Integrals as 
Uj(x,y) - | / ^(a.y) s1n(ax)da (A-2-a) 
o 
00 
v^x.y) - | / ^(a.y) cos(ox)da (A-2-b) 
o 
-40- 
where $, (a,y) and ^(a,y) are unknown functions to be determined froa 
the field equations (A-l). Inserting the assumed solutions (A-2) Into 
the field equations and solving the resulting ordinary differential 
equations, the displacement components can be written as 
u^x.y) - | / C(AH + A^yje^ + (A31 ♦ A^yje"0^] 
o 
* s1n(ax)da (A-3-a) 
v^x.y) - | / [(-*„ + A^Oya-y)^ + (A31 + A^^/a+yJJe*^] 
o 
x cos(ax)da (A-3-b) 
where ic.| ■ 3-4v^ and A** are functions of the transform variable, a. to 
be determined from the boundary and continuity conditions.   The materi- 
al constants v* and v* are the shear modulus and Polsson's ratio for 
the 1     material respectively.   The stresses at any point In the 1     ma- 
terial can be obtained from Hooke's Law and the strain-displacement re- 
lations and written as 
^f " 7 / {!><A11 +.A2iy) + ^1*21^ + ^A31 + A41*> 
- 2v1A41]e"<w)cos(ax)da (A-4-e) 
^f " f / {C"^A11 + W + 20-^ J^].^ - [a(A31 ♦ A41y) 
+ Zd-v^A^le'^kostaxJdo (A-4-b) 
-41- 
1     0 
+ (l-2v1)A41]e"°or>s1n(ax)do (A-4-c) 
Stress and displacement continuity at the Interface between the two 
materials requires that 
u-jCx.6) - u2(x,6); v.j(x,6) - v2(x,6) (A-5-a) 
OyylCx.«) - ayy2(x,6); ^(x.fi) - o^gCx.fi) (A-5-b) 
From the equations for the displacements and stresses, the continuity 
conditions can be written In terms-of. the A^ as 
e^A^ + 6ea6A21 + e"a6A31 + 6e'a6A41 - eo5A12 + fie^A^ 
+ e"a6A32 + «e"
a\2 (A-6-a) 
- ea\} + (K1/a-6)ect6A21 + e"a6A31 + (K1/a+6)e"a\1 
- - ea6A12 + (<2/a-6)ea6A22 + e'^g 
+ (K2/ort-6)e"o6A42 (A-6-b) 
-42- 
# 
P1oea6A11 + v^iaS-Mv,)^ - a^e*0^ 
- w1e"
o6(a5+l-2v1)A41 - vigae^A^ 
+ v2e
a6{aS-U2v2)AZ2 - a^e'^K^ 
U2e"a6(o5+l-2v2)A42 (A-6-c) 
y^^A^ + y1ea6(2-2v1-a6)A21 - ay-je"0^ 
y1e"a6(a6+2-2v1)A41 - - ygae^A^ 
+ y2ea6(2-2v2-a6)A22 - ayge"0^ 
- y2e"a6(a6+2-2v2)A42 (A-6-d) 
On the boundaries, y»0, H; 0<x<», stress will be specified 1n the 
form 
<*yy(x,o) - q(x)    <7yy(x,H) - R(x) (A-7-a) 
^(x.o) - s(x)    c^U.H) - T(x) (A-7-b) 
Inserting the stress components from (A-4) Into (A-7), the boundary con- 
ditions can be written as 
-43- 
- aAn + 20-v})kv - oA31 - 20-v^A^ 
- / q(*)cos(ax)dx (A.8.a) 
e^ttO-v^A^ - a(A12+A22H)] - e_aH[a(A32+HA42) 
* 20-v2)A42] ■ J R(x}cos(ax)dx (A.3.b) 
aA^ - (l-2Vl)A21 - aA31 - (l-ft^A^ 
- / s(x)s1n(ax)dx (M-c) 
o ^1 
[a(A12+A22H) - (1-2v2)A22]eaH - [o(A32+A42H) 
+ (l-2v2)A42]e"aH - 7 T(x)s^ax)dX (A-8-d) 
Equations (A-6) and (A-8) form a system of eight linear algebraic 
equations In the eight unknown A^. The system can be solved for the 
A..J as functions of a and the Integrals of (A-3) and (A-4) can be 
evaluated to determine the stress and displacement fields. 
If three point bend loading conditions are assumed as Illustrated 
1n Figure A-2, the boundary conditions become 
o-yy0c,o) - - P6(x); ayy(x,H) - - P6(x-xQ) (A-9-a) 
-44- 
<rxv(x,o) - 0; axyCx.H) - 0 (A-9-b) xy> ' '  " xy 
Inserting these conditions Into (A-8), the boundary conditions can be 
written In terms of the Aj^ as 
- aAn + 2(1-^ - oA31 - 2(1-^, - - ^ 
e^O-v^ - a(A12+A22H)] - e"aH[a(A32+HA42) 
P 
?- (A-10-i) 
+ 2(l-v2)A42] - - ^ cos(ax0) (A-10-b) 
aAn - d-2v1)A21 - aA31 - (l-2v1)A41 - 0 (A-10-c) 
a(A12+A22H) - 0-2v2)A22]eaH - •"aH[a(A32+A42H) 
+ (l-2v2)A42] - 0 (A-10-d) 
Equations (A-6) and (A-10) form the system of equations which will be 
solved for the A...,. 
. The Integrals of (A-3) and (A-4) will be evaluated by 6auss- 
Legendre quadrature techniques. Equations (A-6) and (A-12) will be 
solved numerically using Gauss-Seldell Iteration at each quadrature 
point and used In evaluation of the Integrals. 
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B. The Finite Element Solution and Comparison of the Results 
The relative accuracy of the finite element Kthod for use 1n 
poslte material problems was examined through a comparison of the re- 
sults for the three point bend problem (discussed In the preceding sec- 
tion) from the Fourier Integral and finite element solutions. The mod- 
uli of elasticity used 1n the analysis were 
E1 - 2.275E + 03 Mega Pascals 
and 
E2 » 6.8948E + 04 Mega Pascals 
which are the moduli for bone and polymethylmethacrylate bone cement 
respectively. The ratio of the load, P, to the vertical height* H. was 
taken to be 
P/H - 3.81E + 03 Pascals 
m 
Polsson's ratio was assumed to be the same 1n each material and as- 
signed the value of .3. Small variations from this value had negligi- 
ble effect on the results and would only be Polsson's ratios for the 
two materials differed greatly. 6 was taken to be .5*H. 
The finite element method demands continuity of the displacement 
field across an element boundary but does not require a continuous 
stress field. The only requirements on the stress field are that each 
-46- 
elenent must satisfy local equilibrium and that the entire structure 
must be In global equilibrium. Thus, the finite element analysis al- 
lows for the possibility of a discontinuous stress field across an ele- 
ment boundary provided the average stress at the boundary Is continuous. 
The lack of necessary stress continuity at the boundary led to ex- 
perimentation with different grid patterns to determine what features 
a grid which would accurately analyze composite materials should pos- 
sess. For a laminate composite, a minimal amount of stress disconti- 
nuity was predicted when using a grid which had only one element through 
the material thickness and a very fine mesh along the material Inter- 
face. This Insured stress continuity within each material and caused 
a minimum amount of normal and shear stress discontinuity at the mate- 
rial interface. The grid used for the two material problem 1s shown In 
Figure A-3. 
• 
The finite element results were In good agreement with those ob- 
tained from the analytic solution for the dominant stress components, 
ox> Figure A-4 shows the plot of both solutions as a function of the 
vertical position, Y/H, at X-0. The numerical results deviate slightly 
from the analytic solution as the point load Is approached (Y/H - 0). 
Figure A-5 Is a plot of both solutions as a function of the vertical 
position, Y/H, at X/H - 6 (below the far point load). While qualita- 
tively both solutions predict the same behavior of the stress field, 
the analytic solution exhibits a leveling off of the stress component 
between Y/H - .6 and Y/H - .8 which the finite element results fall to 
predict. Both solutions predict that the stress component will tend 
-47- 
to — as the point load 1s approached (the finite element analysis will 
predict a finite value for the stress at the point of loading due to 
the nature of the shape functions, but as the grid Is taken finer and 
finer in the region of loading, this value becoMS larger Indicating 
the validity of extrapolation to Infinity). Figure A-6 1s a plot of 
both solutions as a function of the vertical position. Y/H at X/H - 2. 
Far from the point loads, the finite element results match the analytic 
results almost exactly. 
The finite element calculations predicted the shear stress compo- 
nent, a, very accurately. Figure A-7 shows the plot of both analyt- 
1c and finite element solutions as a function of the vertical position. 
Y/H, at X/H - 2. The two solutions match almost Identically. Notice 
that the shear stress at X/H - 2 Is 20. times smaller than the dominant 
stress, (I.e., lo^ CY.2.)| = \^0.*axymx  (Y,2.)|. thus, a slight 
error will have negligible effect on the total solution at that point. 
Figure A-8 shows the plot of both solutions as a function of the ver- 
tical position, Y/H, at X/H » 6. (directly below the far point load). 
The shear stress predictions from the finite element results agree 
very well with the analytic solution even very near the point loads. 
This demonstrates that If the grid 1s carefully chosen, the effect of 
the finite element allowance for a discontinuous stress field has a 
negligible effect on the shear stress solution. 
The third In-plane stress component, a , 1s the least Important 
(far from the region of loading) and the least accurate. Except near 
the far point load (and very near the center point load), o 1s at 
-48- 
least three orders of magnitude ana Her than a%. The finite element 
errors on the stress calculations are on the same order of Magnitude 
as a   and thus have a very large effect on these results. Near the 
point loads, as a   gets larger In magnitude, the results get better. 
Figure A-9 shows a plot of both solutions as a function of the verti- 
cal position, Y/H, at X/H - 6., (I.e., just below the far point load). 
Both solutions predict the same behavior as Y/H * 1. The Interface 
discontinuity In a   distorts the finite element solution somewhat and 
predicts small positive stresses In the softer material where the ana- 
lytic solution predicts small negative stresses. The Inaccuracies—that 
occur are due to the failure of the finite element method to account 
for the stress singularity at the point load and the allowance for In- 
terface stress discontinuity. These Inaccuracies have a negligible 
effect on the total solution except near the-point load where cry be- 
comes dominant. 
The strain energy density criterion was used to predict failure due 
to fracture 1n the material. An Inspection of the SED plots versus 
vertical distance demonstrates that there exist local minima along the 
neutral axis (Y/H - .71) for all X (I.e., 3SED/3y - 0. at Y/H • .71). 
The SED along the neutral axis 1s an even and Increasing function of X 
and thus the stationary value 1s located at X-0. and Y/H - .71 (I.e., 
3SED/3X - aSED/ay - 0 at X-0. and Y/H - .71). A plot of SED versus 
vertical distance, Y/H, at X-0. 1s shown 1n Figure A-10. The errors 
In the finite element results for Y/H < .5 are due to the Inability of 
the finite element calculations to predict zero shear stress at X-0. 
Figure A-11 shows a plot of SED versus vertical distance, Y/H, at X/H 
-4g- 
- 5. The two solutions agree very well due to the accurate stress pre- 
dictions In this region. 
Very accurate results can be obtained for composite material prob- 
lems using the finite element method 1f a proper grid Is chosen. F1- 
nlte elements can adequately predict the qualitative behavior of the 
stress and energy fields for a composite material even with a grid 
which 1s slightly less accurate than the optimum would be for a given 
problem. Since the analytic solution 1s usually not known, optimum 
grid choice Is a difficult procedure. In general, experience tells us 
that finite element results using 12-node Isoparametric elements will 
be accurate within 5-10% If a reasonable grid which Is sensitive to 
regions with high displacement gradients 1s used [11]. 
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